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Why relativity allows quantum tunnelling to ’take no time’?
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(November 8, 2018)
In quantum tunnelling, what appears an infinitely fast barrier traversal can be explained in terms
of an Aharonov-like weak measurement of the tunnelling time, in which the role of the pointer is
played by the particle’s own coordinate. A relativistic wavepacket is shown to be reshaped through
a series of subluminal shifts which together produce an anomalous ’superluminal’ result.
PACS number(s): 03.65.Ta, 73.40.Gk
In 1932 MacColl’s [1] noted that quantum tunnelling
’takes no time’ in the sense that the tunnelled pulse can
arrive in the detector ahead of its free counterpart, as
if it has spent no time in the barrier region b. This ef-
fect been observed experimentally and extensively anal-
ysed by several authors (for a review see [2]). There is
a broad consensus that what appears as ’superluminal’
transmission takes place due to a reshaping mechanism
(see, for example, [4]), but the role of the tunnelling time
in the wavepacket propagation remain a contentious issue
[3]. One dilemma one encounters when trying to explain
the tunnelling speed up is whether quantum mechanics
allows a particle to spend anomalously short (≪ b/c) du-
rations in the barrier as was implied in [5] or, as we argue
below, the effect can be achieved while maintaining, in
agreement with special relativity, all velocities bounded
by the speed of light c. A suggestion of how this may be
possible, can be found in the work of Aharonov and co-
workers [6–8], who have shown that under certain ’weak’
conditions a von Neumann meter may produce readings
well away from the region containing all eigenvalues of
the measured variable. In this Letter, we demonstrate
the analogy between wavepacket scattering and a weak
measurement of the tunnelling time, which, although ef-
fectively all durations involved are subluminal, produces
an apparently ’superluminal’ result.
The authors of [6–8] considered a von Neumann mea-
surement of a variable A, A|φi >= Ai|φi >, 1 ≤ i ≤
N, N ≫ 1, 0 ≤ Ai ≤ 1 on a system which is prepared
in a state |I >=
∑
i ai|φi > and after the measurement is
found (postselected) in another state |F >=
∑
i bi|φi >.
After postselection, the pointer wavefunction in the co-
ordinate representation is given by
< τ |M >=
N∑
i=1
G(τ −Ai)ηi, ηi ≡ b
∗
i ai (1)
whereG(τ) is the initial state of the meter. The ’paradox’
observed by Aharonov et al is that if the measurement is
weak (the width of G(τ) exceeds the separation between
the eigenvalues Ai), a careful choice of |I > and |F >
allows one to ensure that < τ |M >≈ G(τ − α) with an
arbitrary shift α which can then be written as the weak
value [6] of the operator A,
α =< F |A|I > / < F |I >=
N∑
i=1
Aiηi/
N∑
i=1
ηi. (2)
Therefore it is possible (although improbable, since | <
F |I > |2 ≪ 1) that an experiment would produce, for
example, a reading of 100 even though all eigenvalues
of A involved do not exceed 1 [6]. In [8] this ’peculiar
interference effect’ is summarised as destructive interfer-
ence in the whole ”allowed” (0 < τ < 1) region and the
constructive interference of the tails in the ”forbidden”
(τ ≈ 100) region.
The relevance of the weak measurement analysis to
wavepacket tunnelling, where no external meter is in-
volved and no operator is available for the time spent in
the barrier, is not obvious and will be established next.
Classically, the amount of time a relativistic particle with
a world line x(s) = (x0(s), ~x(s)) spends in a spatial re-
gion Ω is given by
tclΩ [x(s)] ≡
∫ s′′
s′
dsWµ(x)dx
µ/ds =
∫
θΩ(~x)dt. (3)
where we have put, in the chosen frame of reference,
Wµ(x) = (θΩ(~x), 0, 0, 0) (θΩ(~x) ≡ 1 for ~x ∈ Ω and 0 oth-
erwise). Quantally, Eq.(3) can be used to distinguish be-
tween scenarios in which a particle spends different dura-
tions inside Ω. Propagator for a spin-zero Klein-Gordon
particle in an electromagnetic field Aµ(x) can be written
as a sum over four-dimensional paths parametrised by
the fifth parameter u, [9,10] (∂z ≡ ∂/∂z, h¯ = c = 1)
g(x, x′) =
∫
∞
0
du exp(−im2u/2)
∫
Dx exp[−i
∫ u
0
L(x)du]
(4)
where L(x) = (∂ux
µ)2/2 + e∂ux
µAµ. With the help
of Eqs.(3) and (4) the propagator restricted only to
those paths which spent inside Ω a duration τ ,
∫
Dx →∫
Dxδ(tclΩ [x(u)]− τ) is seen to be given by
g(x, x′|τ) = (2π)−1/2
∫
∞
−∞
exp(iWτ)g(x, x′|W )dW (5)
where g(x, x′|W ) is the propagator for the modified elec-
tromagnetic field A0(x) +WθΩ(~x), ~A(x). Analysing the
1
time evolution of g(x, x′|τ) leads to the clocked Klein-
Gordon equation (pµ ≡ −i∂xµ)
{[i∂t + i∂τθΩ(~x)− eA0]
2 − (~p− e ~A)2 −m2}Φ(x|τ) = 0 (6)
where Φ(x|τ) is the (scalar) amplitude that a particle
at a space-time point x has previously spent a dura-
tion τ in the region Ω. In the case of the Dirac elec-
trons, no path integral is available for the spin degrees
of freedom. However, one can still define a (4x4 ma-
trix) amplitude FP for a given space-time path [9]. On
application of a field A(x) the phase of FP is modified,
FAP = exp{−i
∫
Aµdx
µ}FP , and restricting the paths as
above yields the clocked Dirac equation
{[i∂t + i∂τθΩ(~x)− eA0]γ0 − (~p− e ~A)~γ −m}Φ(x|τ) = 0. (7)
Note that like the clocked Schro¨dinger equation [21], both
Eqs.(6) and (7) are obtained from their original versions
by replacing i∂t → i∂t + i∂τθΩ(~x).
To study the durations involved in in one-dimensional
transmission of a spinless particle across a rectangular
potential barrier V θ−b/2,b2(z) considered in [12],
FIG. 1. Transmission of a Gaussian wavepacket across
the region [−b/2, b/2]. Inset: |ΨT (z, t)| for free motion
and tunnelling (×A ≡ 10−2T (p0, V )) for ǫ0τc/h¯ = 6000;
ǫp0τc/h¯ = 6007.5; V τc/h¯ = 15.; ∆z/b = 0.55;
z0/b = 2.5; t/τc = 100.; τc ≡ b/c Also shown by the
dashed line is the semiclassical result Eq.(18). (a) the fac-
tor G(z + z0 − b− v0(t− τ )) in Eq.(13); Real part of η(p0, t)
for (b) free motion, V = 0; and (c) tunnelling, V τc/h¯ = 15.
we prepare a wavepacket with a mean momentum p0
and a momentum (coordinate) space width ∆p (∆z) ini-
tially containing only negative frequencies (no antiparti-
cles)
Ψ(z, t = 0) =
∫
A(p)exp(ipz)dp = exp(ip0z)G(z + z0). (8)
where z0 ≫ b/2 and a suitable G(z) (e.g., a Gaussian
G(z) = exp(−z2/∆z)) is chosen to ensure that all mo-
menta in (8) tunnel. Solving Eq.(6) with the initial con-
dition Φ(z, t = 0|τ) = Ψ(z, t = 0)δ(τ) yields, for suffi-
ciently large z and t, the traversal time decomposition of
the transmitted part of the wavepacket,
Φ(z ≫ b/2, t|τ) =
∫
dpA(p)exp(ipz − iǫpt)η(p, τ) (9)
η(p, τ) ≡ (2π)−1/2 exp(−iV τ)
∫
∞
−∞
exp(iWτ)T (p,W )dW
(10)
where ǫp = (p
2+m2)1/2 and T (p,W ) is the transmission
amplitude for the rectangular potential Wθ−b/2,b2(z).
The amplitude Φ(z, t|τ) gives the transmitted field under
the condition that a particle spend in the barrier exactly
a duration τ and a coherent sum over all such durations
produces the transmitted pulse ΨT (z, t)
ΨT (z, t) =
∫
∞
−∞
Φ(z, t|τ)dτ =
∫
T (p, V )A(p)exp(ipz − iǫpt)dp (11)
For tunnelling, (ǫp −m < V ≪ m), Ψ
T (x, t|V ) although
greatly reduced, lies approximately a distance b ahead of
the free (V = 0) pulse suggesting that the particle has
traversed the barrier instantaneously (see inset in Fig.1).
To see how this speed up is achieved, we consider the
semiclassical limit pb, kb ≫ 1 [14], replace T (p,W ) by
the first term in its multiple scattering expansion [13]
(k(W ) ≡ [(ǫp −W )
2 −m2]1/2)
T (p,W ) ≈
4pk
(p+ k)2
exp[ikb− ipb], (12)
which is permissible both well above, V ≪ ǫp −m, and
well below, V ≫ ǫp − m, the barrier, and evaluate the
resulting integrals asymptotically. This yields
ΨT (z, t) ≈ exp(ip0z − iǫp0t)
×
∫
∞
−∞
G(z + z0 − b− v0(t− τ))η(p0, τ)dτ (13)
together with the saddle point result for η(p0, τ)dτ [15]
(h¯ and c are reintroduced)
η(p0, τ) =
(2πh¯)−1/24p0bǫ
3/2
0 τ
3
c
(τ2 − τ2c )
1/4[p0b(τ2 − τ2c )
1/2 + ǫ0τ2c ]
2
×exp{
i
h¯
[(ǫp − V )τ − ǫ0(τ
2 − τ2c )
1/2]− iπ/4} (14)
where v0 ≡ ∂ǫp/∂p0 and we have introduced ǫ0 ≡ mc
2
and τc ≡ b/c. Since most of our derivation relies on the
analytical properties of the wavevector k(W ), a similar
analysis can also be applied to the Dirac electrons.
We proceed with the details of the reshaping mechanism
responsible for the speed up of the tunnelled pulse. The
first term in the integrand of Eq.(13) is the wavepacket
translated as a whole along a classical trajectory which
spends inside [−b/2, b/2] a time τ and has the velocity
2
v0 outside the region (Fig.1a) so that the total distance
covered by the time t is
z − z0 = b+ v0(t− τ). (15)
Each wavepacket is weighted by the (complex valued)
amplitude η(p0, τ) for a transmitted particle whose mo-
mentum is exactly p0 to spend the duration τ in
[−b/2, b/2]. It is instructive to consider the case of
free motion first. For V = 0, the oscillatory ampli-
tude η(p0, τ) shown in Fig.1b coincides for τ ≫ τc with
the non-relativistic result of [13] and has a stationary
region around the classical value b/v0. For |τ | < τc,
it rapidly decays so that, owing to the relativistic na-
ture of Eq.(6), the durations which imply superluminal
velocities vbar = b/τ are explicitly absent from the in-
tegral (13). For τ < −τc, η(p0, τ) becomes oscillatory
again due to the relativistic paths in Eq.(4) which expe-
rience time reversals associated with creation and annihi-
lation of particle-antiparticle pairs [9,10]. The frequency
of these oscillations is extremely high and, as one would
expect, the processes involving virtual pair production do
not contribute to the propagation. As a result, η(p0, τ)
selects the shape G(z − z0 − v0t) corresponding to the
classical value τ = b/v0 and, in accordance with classical
mechanics, one finds the initial pulse translated without
distortion along the classical path z(t) = v0t+ z0.
In the case of tunnelling, the amplitude η(p0, τ) differs
from its free counterpart by the factor exp(−iV τ/h¯) in
Eq.(10) which destroys the stationary region on the real
τ -axis (Fig 1c). There is no preferred duration describing
tunnelling and the analogy with Aharonov’s weak mea-
surement is now evident. Just as in Eq.(1) a sum of Gaus-
sians all shifted by no more than 1 produces a Gaussian
with an arbitrary large shift α, a continuos superposition
of the copies of the initial wavepacket all propagated with
purely subluminal velocities produces a pulse which looks
as if it had spent a zero time in the barrier. The role of
the pointer position is played by the particle’s coordi-
nate z, and the two distinctive features of a weak mea-
surement are in place: the particle is postselected in a
highly unlikely (most particles are reflected) transmitted
state and the accuracy, which is determined by the co-
ordinate width of the wavepacket, ∆z must remain poor
in order to prevent the particle passing over the barrier,
which would destroy the effect. Several known properties
of the tunnelling transmission can now be clarified. De-
structive interference between the maxima and the back-
ward tails of all Gaussians in Fig.1a explains why, as
observed in [12], the transmitted pulse is formed from
the front part of the initial wavepacket. Also, like a weak
von Neumann meter [7], quantum tunnelling cannot be
used to transmit information which cannot be extracted
without a reference to ’superluminal’ behaviour. Indeed,
truncating G(z) after some z′ >> ∆z would guarantee
effective vanishing of ΨT (z, t) in Eq.(13) for z > ct− z0.
Thus, rather than facilitating faster-than-light informa-
tion transfer, a barrrier acts as a filter [7], rearranging
the amplitudes in the forward tails of all (subluminally
shifted) G’s in Eq.(11) into a single peak.
Previous work [5,17–19] on relating the tunnelling time
problem to weak measurements focused mostly on inter-
preting the ’complex time’ [20–22]
τ¯ =
∫
τη(p, τ)dτ/
∫
η(p, τ)dτ (16)
as the weak value (2) of the projector onto the bar-
rier region, θ[−b/2,b/2](z) [17,18] or its time average,
T−1
∫ T
0
θ[−b/2,b/2](t)dt [19]. In [5] the authors applied
a low accuracy Salecker-Wigner clock to Dirac electrons
obtaining, effectively, an estimate v′bar = b/Reτ¯ for the
mean velocity in the barrier. For a relativistic particle
v′bar may exceed c even though η(p0, τ) has no support
inside −b/c < τ < b/c and [5] questioned the significance
of this result for predicting ’superluminal’ transmission
of electrons. The answer is that τ¯ , which describes the
work of an inaccurate external clock [17,21,22], cannot,
in general, predict the position of the tunnelled pulse,
whose shape is determined by the oscillatory integral (11)
involving all moments of η(p0, τ) for a range of particle’s
momenta p. The semiclassical case (11)-(14) is special
because η(p0, τ) has an imaginary saddle at
τV = −iτc
(ǫp0 − V )
[ǫ20 − (ǫp0 − V )
2]1/2
, (17)
and the superposition of purely subluminal shifts (11)
results for G in an imaginary shift by α = −i|τV |. thus,
within our approximation (see inset in Fig.1),
ΨT (z, t) ≈ G(z + z0 − b− v0(t+ i|τV |))
×T (p0, V ) exp[i(p0z − ǫp0t)/h¯] (18)
and τ¯ ≈ −i|τV | + O(h¯) is the single parameter govern-
ing the shape of the pulse and, therefore, the speed of
transmission. As the tunnelling speed up effect itself,
anomalously small values of Reτ¯ have their origin in the
oscillatory nature of the traversal time amplitude distri-
bution η(p0, τ), but, in the full quantum case, the con-
dition τ¯ < b/c is not sufficient for the ’superluminal’
transmission to take place and a more extensive analysis
based on Eq.(11) must is necessary.
In summary, special relativity restricts the range of tun-
nelling times to the subluminal domain, yet interference
accounts for the ’superluminal’ appearance of the trans-
mitted pulse. This somewhat counterintuitive effect is
most easily explained in terms of Aharonov’s weak mea-
surements. A barrier reshapes a semiclassical wavepacket
by propagating components of the incident pulse with
purely subluminal velocities before reassambling them
with complex weights determined by the potential. Ex-
amining the position of the tunnelled particle, one may
estimate the time it has spent in the barrier. Of necessity,
the accuracy of such estimate (determined by the initial
spread in the particle’s position) is so poor that it yields
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an anomalously small ’forbidden’ value, suggesting that
the barrier was traversed almost instantaneously, just as
a weak measurement on a spin 1/2 may return the value
100 [6]. This analysis differs from that of Refs. [6–8]
in that it, contrary to the claim that the traversal time
cannot be defined ’intrinsically’ [23], involves no external
pointer. That the role of such pointer can be played by
the particle’s own coordinate, can be traced back to the
classical relation (15) between the distance and the time
spent in the region, which below the barrier takes the
form of weak measurement-like correlations between the
two quantities. Finally we note that, given the univer-
sal nature of the weak measurement analysis stressed in
[6–8,17], it is unlikely that a deeper or more ’classical’
explanation could be found for the apparent superlumi-
nality observed in quantum tunnelling.
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